Abstract. We show that every Mori dream space of globally Fregular type is of Fano type. As an application, we give a characterization of varieties of Fano type in terms of the singularities of their Cox rings.
Let X be a normal (Q-factorial) projective variety over an algebraically closed field k. Suppose that the divisor class group Cl(X) is finitely generated and free, and let D 1 , · · · , D r be Weil divisors on X which form a basis of Cl(X). Then the ring (n 1 ,...,n r )∈Z n
is called the Cox ring of X (for the case when Cl (X) has torsion, see Definition 2.16 and Remark 2.17). If the Cox ring of a variety X is finitely generated over k, X is called a (Q-factorial) Mori dream space. This definition is equivalent to the geometric one given in Definition 2.1 ( [HK, Proposition 2.9] ). Projective toric varieties are Mori dream spaces and their Cox rings are isomorphic to polynomial rings [Co] . The converse also holds [HK] , characterizing toric varieties via properties of Cox rings. We say that X is of Fano type if there exists an effective Q-divisor ∆ on X such that −(K X + ∆) is ample and (X, ∆) is klt. It is known by [BCHM] that Q-factorial varieties of Fano type are Mori dream spaces. Since projective toric varieties are of Fano type, this result generalizes the fact that projective toric varieties are Mori dream spaces. Therefore, in view of the characterization of toric varieties mentioned above, it is natural to expect a similar result for varieties of Fano type. The purpose of this paper is to give a characterization of varieties of Fano type in terms of the singularities of their Cox rings.
Theorem 1.1 (=Theorem 4.7). Let X be a Q-factorial normal projective variety over an algebraically closed field of characteristic zero. Then X is of Fano type if and only if X is a Mori dream space and its Cox ring has only log terminal singularities.
Brown [Br] recently proved that if X is a Q-factorial Fano variety with only log terminal singularities, then its Cox ring has only log terminal singularities via completely different arguments from ours. Our proof of Theorem 1.1 is based on the notion of global F-regularity, which is defined for projective varieties over a field of positive characteristic via splitting of Frobenius morphisms. A projective variety over a field of characteristic zero is said to be of globally F-regular type if its modulo p reduction is globally F-regular for almost all p (see Definition 2.13 for the precise definition). Schwede-Smith [SS] proved that varieties of Fano type are of globally F-regular type, and they asked whether the converse is true. We give an affirmative answer to their question in the case of Mori dream spaces.
Theorem 1.2. Let X be a Q-factorial Mori dream space over a field of characteristic zero. Then X is of Fano type if and only if it is of globally F-regular type.
Theorem 1.2 is a key to the proof of Theorem 1.1, so we outline its proof here. The only if part was already proved by [SS, Theorem 5 .1], so we explain the if part. Since X is a Q-factorial Mori dream space, we can run a (−K X )-MMP which terminates in finitely many steps. A (−K X )-MMP X i X i+1 usually makes the singularities of X i worse as i increases, but in our setting, we can check that each X i is also of globally F-regular type. This means that each X i has only log terminal singularities, so that a (−K X )-minimal model becomes of Fano type. Finally we trace back the (−K X )-MMP above and show that in each step the property of being of Fano type is preserved, concluding the proof.
In order to prove Theorem 1.1, we also show that if X is a Qfactorial Mori dream space of globally F-regular type, then modulo p reduction of a multi-section ring of X is the multi-section ring of modulo p reduction X p of X for almost all p (Lemma 2.19). The proof is based on the finiteness of contracting rational maps from a fixed Mori dream space, vanishing theorems for globally F-regular varieties and cohomology-and-base-change arguments. This result enables us to apply the theory of F-singularities to a Cox ring of X and, as a consequence, we see that that a Q-factorial Mori dream space over a field of characteristic zero is of globally F-regular type if and only if its Cox ring has only log terminal singularities. Thus, Theorem 1.1 follows from Theorem 1.2.
As an application of Theorem 1.1, we give an alternative proof of [FG1, Corollary 3.3] , [FG2, Corollary 5.2] and [PS, Theorem 2.9] . A normal projective variety X over a field of characteristic zero is said to be of Calabi-Yau type if there exists an effective Q-divisor ∆ on X such that K X + ∆ ∼ Q 0 and (X, ∆) is log canonical, and is said to be of dense globally F-split type if its modulo p reduction is Frobenius split for infinitely many p. Using arguments similar to the proofs of Theorems 1.1 and 1.2, we show analogous statements for varieties of Calabi-Yau type. A part of this paper was established during the first, second, and fourth authors were participating in the AGEA conference at National Taiwan University. They would like to thank NTU, especially Professor Jungkai Alfred Chen, who was the local organizer of the conference, for their hospitality.
The first and second authors were partially supported by Grant-inAid for JSPS Fellows ♯22·7399 and ♯22·849, respectively. The fourth author was partially supported by Grant-in-Aid for Young Scientists (B) 23740024 from JSPS.
We will freely use the standard notations in [KM] and [BCHM, 3. (i) X is Q-factorial and Pic(X) Q ≃ N 1 (X) Q , (ii) Nef(X) is the affine hull of finitely many semi-ample line bundles, (iii) there exists a finite collection of small birational maps f i : X X i such that each X i satisfies (i) and (ii), and that Mov(X) is the union of the f * i (Nef(X i )).
On a Mori dream space, as its name suggests, we can run an MMP for any divisor. [SS, Remark 4.2] ). Let X be a normal variety over a field k of arbitrary characteristic and ∆ be an effective Q-divisor on X such that K X + ∆ is Q-Cartier. Let π : X → X be a birational morphism from a normal variety X. Then we can write
where E runs through all the distinct prime divisors on X and the a(E, X, ∆) are rational numbers. We say that the pair (X, ∆) is log canonical (resp. klt) if a(E, X, ∆) ≥ −1 (resp. a(E, X, ∆) > −1) for every prime divisor E over X. If ∆ = 0, we simply say that X has only log canonical singularities (resp. log terminal singularities). Remark 2.9. Globally F-regular (resp. globally F-split) varieties have only strongly F-regular (resp. F-pure) singularities.
Let X be a normal projective variety over a field. For any ample Cartier divisor H on X, we denote the corresponding section ring by (1) X is globally F-split (resp. globally F-regular), (2) the section ring R(X, H) with respect to some ample divisor H is F-pure (resp. strongly F-regular), (3) the section ring R(X, H) with respect to every ample divisor H is F-pure (resp. strongly F-regular). When f is a small birational map, X and X 1 are isomorphic in codimension one. In general, a normal projective variety Y is globally F-regular (resp. globally F-split) if and only if so is Y \ E, where E ⊆ Y is a closed subset of codimension at least two (see [BK, 1.1.7 Lemma (iii) ] for the globally F-split case and [Has, Lemma 2.9] for globally F-regular case). Thus, we obtain the assertion. Now we briefly explain how to reduce things from characteristic zero to characteristic p > 0. The reader is referred to [HH2, Chapter 2] and [MS, Section 3 .2] for details.
Let X be a normal variety over a field k of characteristic zero and
Choosing a suitable finitely generated Z-subalgebra A of k, we can construct a scheme X A of finite type over A and closed subschemes D i,A X A such that there exists isomorphisms Given a closed point µ ∈ Spec A, we denote by X µ (resp., D i,µ ) the fiber of X A (resp., D i,A ) over µ. Then X µ is a scheme of finite type over the residue field k(µ) of µ, which is a finite field. Enlarging A if necessary, we may assume that X µ is a normal variety over k(µ), D i,µ is a prime divisor on X µ and consequently
Let Γ be a finitely generated group of Weil divisors on X. We then refer to a group Γ A of Weil divisors on X A generated by a model of a system of generators of Γ as a model of Γ over A. After enlarging A if necessary, we denote by Γ µ the group of Weil divisors on X µ obtained by restricting divisors in Γ A over µ.
Given a morphism f : X → Y of varieties over k and a model (X A , Y A ) of (X, Y) over A, after possibly enlarging A, we may assume that f is induced by a morphism f A : X A → Y A of schemes of finite type over A. Given a closed point µ ∈ Spec A, we obtain a corresponding morphism f µ : X µ → Y µ of schemes of finite type over k(µ). If f is projective (resp. finite), after possibly enlarging A, we may assume that f µ is projective (resp. finite) for all closed points µ ∈ Spec A. Definition 2.13. Let the notation be as above.
(i) A projective variety (resp. an affine variety) X is said to be of globally F-regular type (resp. strongly F-regular type) if for a model of X over a finitely generated Z-subalgebra A of k, there exists a dense open subset S ⊆ Spec A of closed points such that X µ is globally F-regular (resp. strongly F-regular) for all µ ∈ S. (ii) A projective variety (resp. an affine variety) X is said to be of dense globally F-split type (resp. dense F-pure type) if for a model of X over a finitely generated Z-subalgebra A of k, there exists a dense subset S ⊆ Spec A of closed points such that X µ is globally F-split (resp. F-pure) for all µ ∈ S.
Remark 2.14.
(1) The above definition is independent of the choice of a model. (2) If X is of globally F-regular type (resp. strongly F-regular type), then we can take a model X A of X over some A such that X µ is globally F-regular (resp. strongly F-regular) for all closed points µ ∈ Spec A. Proof. (2) is nothing but [SS, Theorem 5 .1]. So, we will prove only (1). Since X is of globally F-regular type (resp. dense globally F-regular type), then it has only singularities of strongly F-regular type (resp. dense F-pure type). It then follows from [HW, Theorem 3.9 ] that X has only log terminal singularities (resp. log canonical singularities).
Cox rings and their reductions to positive characteristic. In this paper, we define Cox rings as follows:
Definition 2.16 (Multi-section rings and Cox rings). Let X be an integral normal scheme. For a semi-group Γ of Weil divisors on X, the Γ-graded ring
is called the multi-section ring of Γ. Suppose that Cl (X) is finitely generated. For such X, choose a group Γ of Weil divisors on X such that Γ Q → Cl (X) Q is an isomorphism. Then the multi-section ring R X (Γ) is called a Cox ring of X. Remark 2.17. As seen above, the definition of a Cox ring depends on a choice of the group Γ. When Cl (X) is a free group, it is common to take Γ so that the natural map Γ → Cl (X) is an isomorphism. In this case, the corresponding multi-section ring does not depend on the choice of such a group Γ, up to isomorphisms. In general Cox rings are not unique. Here we note that the basic properties of Cox rings are not affected by the ambiguity.
Let m be a positive integer. Then the natural inclusion R X (mΓ) ⊂ R X (Γ) is an integral extension. Therefore R X (Γ) is of finite type if R X (mΓ) is. Conversely, we can represent R X (mΓ) as an invariant subring of R X (Γ) under an action of a finite group scheme. Therefore R X (mΓ) is of finite type if R X (Γ) is. This shows that the finite generation of a Cox ring does not depend on the choice of Γ.
Suppose that m is not divisible by the characteristic of the base field. Then R X (mΓ) ⊂ R X (Γ) isétale in codimension one (this follows from [SS, Lemma 5.7 . (1)]. See also [Br, Lemma 5.2.] ). This shows that in characteristic zero the log-canonicity (resp. log-terminality) of a Cox ring does not depend on the choice of Γ, provided that they are of finite type ( [KM, Proposition 5.20] ).
Finally, F-purity (resp. quasi-F-regularity) of a Cox ring is also independent of the choice of Γ. We prove it for F-purity, and the arguments for quasi-F-regularity are the same. Suppose that R X (Γ) is a Cox ring and is F-pure. Take an ample divisor H ∈ Γ. Then R(X, H) = R X (NH) is also F-pure, since NH is a sub-semigroup of Γ (use the argument in the proof of Lemma 4.1 below). By Proposition 2.10, this implies that X is globally F-split. By Lemma 4.5, the multi-
The following is a basic fact on the finite generation of Cox rings. 
Proof. We will show that there exists an integer m ≥ 1, a model (X A , Γ A ) of (X, Γ) over a finitely generated Z-subalgebra A of k and a dense open subset (resp. a dense subset) S ⊆ Spec A of closed points such that for every µ ∈ S and every divisor D A ∈ mΓ A , (1) X µ is globally F-regular (resp. globally F-split), (2) one has 
Similarly, for all closed points µ ∈ Spec A, we have
We then use the following claim.
Claim 2.20. Let W A be a normal projective variety over a finitely generated Z-algebra A such that W µ := W A ⊗ A k(µ) is globally F-split for all closed points µ in a dense subset S of Spec A, and let H A be an ample Cartier divisor on W A . Then
for all closed points µ ∈ S.
Proof of Claim 2.20. First note that H 1 (W µ , O W µ (H µ )) = 0 for all closed points µ ∈ S. In fact, since H µ is ample and X µ is globally F-split, this follows from [MR, Proposition 3] . By [Har, Chapter III 
for all effective divisors D A ∈ Γ A and all closed points µ ∈ S. Next we consider the case when a divisor D ∈ Γ is not effective. In particular, 
for all closed points µ ∈ Spec A. Thus,
holds for all divisors D A ∈ Γ A and all closed points µ ∈ Spec A.
3. Proofs of Theorems 1.2 and 1.5
In this section, we give proofs of Theorems 1.2 and 1.5.
Globally F-regular case.
The following lemma is a special case of [FG1, Corollary 3.3] and [PS, Theorem 2.9], which follow from Kawamata's semi-positivity theorem and Ambro's canonical bundle formula (cf. [Am] ), respectively. We, however, do not need any semi-positivity type theorem for the proof of Lemma 3.1.
Lemma 3.1 (cf. [FG1, Theorem 3.1]). Let X be a normal variety over a field of characteristic zero and f : X → Y be a small projective birational contraction. Then X is of Fano type if and only if so is Y.
Proof. First we assume that X is of Fano type, that is, there exists an effective Q-divisor ∆ on X such that (X, ∆) is a log Fano pair. Let H be a general ample divisor on Y, and take a sufficiently small rational number ǫ > 0 so that −(K X + ∆ + ǫ f * H) is ample and (X, ∆ + ǫ f * H) is klt. We also take a general effective ample Q-divisor A on X such that (X, ∆ + ǫ f * H + A) is klt and
On the other hand, since f is small,
Conversely, we assume that Y is of Fano type. Let Γ be an effective Q-divisor on Y such that (Y, Γ) is a log Fano pair and let Γ X denote the strict transform of Γ on X. Since f is small, we see that
Thus, (X, Γ X ) is klt and −(K X + Γ X ) is nef and big. It then follows from Remark 2.6 that X is of Fano type. 
for all closed points µ ∈ Spec A. Since −K Y µ is big by (1) and Theorem 2.11, it follows from (2) that −K Y is also big.
Since X is a Q-factorial Mori dream space, we can run a (−K X )-MMP:
where each X i is a Q-factorial Mori dream space and X ′ is a (−K X )-minimal model. Note that each X i is of globally F-regular type by Lemma 2.12. In particular, −K X ′ is nef and big, and X ′ has only log terminal singularities by Lemma 2.15 (1). It then follows from Remark 2.6 that X ′ is of Fano type. Now we show that X l−j is of Fano type by induction on j. When j = 0, we have already seen that X ′ = X l is of Fano type. Suppose that X l−j+1 is of Fano type. Let ∆ l−j+1 be an effective Q-divisor on X l−j+1 such that (X l−j+1 , ∆ l−j+1 ) is a log Fano pair.
When f := f l−j is a divisorial contraction, K X l−j is f -ample and ∆ l−j := f −1 * ∆ l−j+1 is f -nef. In particular, K X l−j + ∆ l−j is f -ample. It then follows from the negativity lemma that
where a is a positive rational number and E is the f -exceptional prime divisor on X l−j . We see from this that the pair (X l−j , ∆ l−j + aE) is klt and −(K X l−j + ∆ l−j + aE) is nef and big, which implies by Remark 2.6 that X l−j is of Fano type. When f l−j is a (−K X l−j )-flip, we consider the following flipping diagram:
Applying Lemma 3.1 to ψ l−j and ψ
, we see that X l−j is of Fano type. Thus, we conclude that X = X 0 is of Fano type.
3.2. Globally F-split case. In this subsection, we start with the following lemma. An analogous statement for klt Calabi-Yau pairs follows from [Am, Theorem 0.2] , but our proof of Lemma 3.2 is easier.
Lemma 3.2. Let X be a normal variety over a field of characteristic zero and f : X → Y be a small projective birational contraction. Then X is of Calabi-Yau type if and only if so is Y.
Proof. Suppose that X is of Calabi-Yau type, that is, there exists an effective Q-divisor ∆ on X such that (X, ∆) is log canonical and K X + ∆ ∼ Q 0. Letting ∆ Y := f * ∆, one has
which implies that (Y, ∆ Y ) is log canonical. Conversely, we assume that Y is of Calabi-Yau type. Let Γ be an effective Q-divisor on Y such that (Y, Γ) is log canonical and K Y + Γ ∼ Q 0. Let Γ X denote the strict transform of Γ on X. Since f is small, we see that
which implies that (X, Γ X ) is log canonical and
Proof of Theorem 1.5. First we remark that if Y is a Q-factorial Mori dream space of dense globally F-split type, then −K Y is Q-linearly equivalent to an effective Q-divisor on Y. Indeed, choosing a suitable integer m ≥ 1, by Lemma 2.19, we can take a model Y A of Y over a finitely generated Z-subalgebra A and a dense subset
for all closed points µ ∈ S. Since −K Y µ is Q-linearly equivalent to some effective Q-divisor by (1) and Theorem 2.11, it follows from (2) that so is −K Y . Since X is a Q-factorial Mori dream space, we can run a (−K X )-MMP:
where each X i is a Q-factorial Mori dream space and X ′ is a (−K X )-minimal model. Note that each X i is of dense globally F-split type by Lemma 2.12. In particular, X ′ has only log canonical singularities by Lemma 2.15 (1). Then X ′ is of Calabi-Yau type, because −K X ′ is semi-ample. Now we show that X l−j is of Calabi-Yau type by induction on j. When j = 0, we have already seen that
When f := f l−j is a divisorial contraction, by an argument similar to the proof of Theorem 1.2, we have
where ∆ l−j is the strict transform of ∆ l−j+1 on X l−j , E is the f -exceptional prime divisor on X l−j and a is a positive rational number. It then follows that (X l−j , ∆ l−j + aE) is log canonical and
, by an argument similar to the proof of Theorem 1.2, Lemma 3.2 implies that X l−j is of Calabi-Yau type.
Thus, we conclude that X = X 0 is of Calabi-Yau type.
Characterization of varieties of Fano type
In this section, we give a characterization of varieties of Fano type in terms of the singularities of their Cox rings.
Lemma 4.1. Let X be a normal projective variety over a field k of characteristic zero. Let Γ be a finitely generated semigroup of Weil divisors on X and Γ ′ ⊂ Γ be a sub-semigroup. If R X (Γ) is of strongly F-regular type, so is R X (Γ ′ ), provided that both of them are of finite type over k.
) be a model of (X, Γ, Γ ′ ) over a finitely generated Z-subalgebra A of k.
Note that the natural inclusion
It is easy to see that ϕ is a
Once we have such a splitting, it is clear that for any closed point
. Now the conclusion follows from the fact that the strong F-regularity descends to a direct summand (see [HH, Theorem 3 .1]).
Definition 4.2 ([Has, (2.1)])
. Let Γ be a finitely generated torsion free abelian group. Let R be a (not necessarily Noetherian) Γ-graded integral domain of characteristic p > 0. For each integer e ≥ 1, F e * R is just R as an abelian group, but its R-module structure is determined by r · x := r p e x for all r ∈ R and x ∈ F e * R. We give F e * R a Remark 4.4. The notion of F-purity can be defined for non-Noetherian rings. Let R be a (not necessarily Noetherian) ring of prime characteristic p. We say R is F-pure if the Frobenius map R → F * R is pure, that is, M → F * R ⊗ R M is injective for every R-module M. When R is a Noetherian and F-finite, this definition coincides with that given in Definition 2.7.
Lemma 4.5 (cf. [Has, Lemma 2.10] ). Let X be a normal projective variety defined over an F-finite field of characteristic p > 0 and Γ be a semigroup of Weil divisors on X. If X is globally F-regular (resp. globally F-split), then R X (Γ) is quasi-F-regular (resp. F-pure).
Proof. The globally F-regular case follows from [Has, Lemma 2.10] and the globally F-split case also follows from essentially the same argument. Proof. If X is globally F-regular, then by Lemma 4.5, any multisection ring of X is quasi-F-regular, and so are the Cox rings of X. Conversely, suppose that a cox ring R X (Γ) is quasi-F-regular. Since Γ contains an ample divisor H on X, its section ring R(X, H) is a graded direct summand of R X (Γ). Since R(X, H) is Noetherian and F-finite, this implies that R(X, H) is strongly F-regular. It then follows from Proposition 2.10 that X is globally F-regular. 
It follows from Lemma 4.5 and (1) that R X µ (Γ µ ) is strongly F-regular for all closed points µ ∈ Spec A, which means by (2) that R X (Γ) is of strongly F-regular type. Since SpecR X (Γ) is Q-Gorenstein, we can conclude from [HW, Theorem 3.9] that Spec R X (Γ) has only log terminal singularities.
Conversely, suppose that the Cox ring R X (Γ) of X is finitely generated over k and has only log terminal singularities. Then we see that R X (Γ) is of strongly F-regular type by [Ha, Theorem 5.2] . Take an ample divisor H ∈ Γ on X. Since R(X, H) = R X (ZH) and ZH is a subsemigroup of Γ, by Lemma 4.1, R(X, H) is also of strongly F-regular type. By replacing H with its positive multiple and enlarging A if necessary, we may assume that
holds for any closed point µ ∈ SpecA (use the Serre vanishing theorem and the Grauert theorem [Har, Corollary 12.9] ). It then follows from Proposition 2.10 that X is of globally F-regular type, which implies by Theorem 1.2 that X is of Fano type. Thus, we finish the proof of Theorem 4.7.
Remark 4.8. Brown [Br] proved without using characteristic p methods a special case of Theorem 4.7 that if X is a Q-factorial Fano variety with only log terminal singularities, then its Cox rings have only log terminal singularities. We, however, don't know how to prove Theorem 4.7 in its full generality without using characteristic p methods.
Remark 4.9. Suppose that X is a variety of Fano type defined over an algebraically closed field of characteristic zero. If X is in addition locally factorial and Cl (X) is free, then its cox rings have only Gorenstein canonical singularities.
By an argument similar to the proof of Theorem 4.7, we can show that if a Calabi-Yau surface X is a Mori dream space, then the Cox rings of X have only log canonical singularities. Proof. The proof is similar to that of Theorem 4.7. Let H be any ample Cartier divisor on X. By [SS, Proposition 5.4 ], the affine cone Spec R(X, H) of X has only log canonical singularities and its vertex is an isolated non-klt point of Spec R(X, H). It then follows from [FT, Corollary 3.6 ] that R(X, H) is of dense F-pure type, which implies by Proposition 2.10 that X is of dense globally F-split type.
Let Γ be a group of Cartier divisors on X which defines a Cox ring of X. Replacing Γ with its positive multiple if necessary, by Lemma 2.19, we can take a model X A of X and Γ A of Γ over a finitely generated Z-subalgebra A of k and a dense subset S ⊆ SpecA of closed points such that
(
It then follows from Lemma 4.5 and (1) that R X µ (Γ µ ) is F-pure for all closed points µ ∈ S, which means by (2) that R X (Γ) is of dense F-pure type. Since R X (Γ) is Q-Gorenstein, we can conclude from [HW, Theorem 3.9] that Spec R X (Γ) has only log canonical singularities.
Remark 4.11. The notion of F-purity is defined also for a pair of a normal variety X and an effective Q-divisor ∆ on X (the reader is referred to [HW, 
Case of Non-Q-factorial Mori dream space
In this section we generalize our results to not-necessarily Qfactorial Mori dream spaces (see [Ok, Section 10] ). These varieties admit a small Q-factorial modification by a Mori dream space, so that we can apply our results obtained so far.
Definition 5.1. Let X be normal projective variety whose divisor class group Cl (X) is finitely generated. Choose a finitely generated group of Weil divisors Γ on X such that the natural map Γ Q → Cl (X) Q is an isomorphism. X is said to be a not-necessarily Q-factorial Mori dream space if the multi-section ring R X (Γ) is of finite type over the base field.
When X is Q-factorial, this coincides with an ordinary Mori dream space. The following is quite useful: Proof. Since both of the notions are preserved by taking a small Qfactorization and taking a small birational contraction, we can prove the equivalence by taking the small Q-factorization of X as in Proposition 5.2 and then apply Theorem 1.2.
As an application of Corollary 5.4, we show that the image of a variety of Fano type again is of Fano type, which was first proven in [FG2] (see also [FG1] Proof. Taking the Stein factorization of f , we can assume either f is an algebraic fiber space or a finite morphism. When f is finite, it is dealt with in [FG2] . Therefore we consider the case when f is an algebraic fiber space. By [BCHM, Remark 5.6. In this paper, the algebraic closedness of the ground field k is used only where we use the results of [BCHM] .
